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Abstract
We give a sharp lower bound on the lower k-limited packing number
of a general graph. Moreover, we establish a Nordhaus-Gaddum
type bound on 2-limited packing number of a graph G of order n as
L2(G)+L2(G¯) ≤ n+2. Also, we investigate the concepts of packing
number (1-limited packing number) and open packing number in
graphs with more details. In this way, by making use of the classic
result of Meir and Moon (1975) and its total version (2005) we prove
the new upper bound γ(T ) ≤ (n− ℓ+2s)/3 for every tree T of order
n with ℓ leaves and s support vertices and improve γt(T ) ≤ (n+s)/2,
that was first proved by Chellali and Haynes in 2004.
Keywords: domination number, k-limited packing, lower k-limited pack-
ing, Nordhaus-Gaddum inequality, open packing number, packing number,
total domination number
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1 Introduction
Throughout this paper, let G be a finite connected graph with vertex set
V = V (G), edge set E = E(G), minimum degree δ = δ(G) and maximum
degree ∆ = ∆(G). Recall that a pendant vertex of G (a leaf of a tree T )
is a vertex of degree 1 and a support vertex is a vertex having at least
one pendant vertex in its neighbothood. We use [10] as a reference for
terminology and notation which are not defined here. For any vertex v ∈ V ,
N(v) = {u ∈ G | uv ∈ E(G)} denotes the open neighborhood of v in G, and
N [v] = N(v)∪ {v} denotes its closed neighborhood. For a set A of vertices,
its open neighborhood is the set N(A) = ∪ v∈AN(v). The complement G¯
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of a graph G has vertex set V and uv ∈ E(G¯) if and only if uv /∈ E(G). For
any graph parameter ψ, bounds on ψ(G) +ψ(G¯) and ψ(G)ψ(G¯) are called
Nordhaus-Gaddum inequalities. For more information about this subject
the reader can consult [1].
A set S ⊆ V is a dominating set (total dominating set) in G if each vertex in
V \S (in V ) is adjacent to at least one vertex in S. The domination number
γ(G) (total domination number γt(G)) is the minimum cardinality of a
dominating set (total dominating set) in G. A subset B ⊆ V is a packing
(open packing) in G if for every distinct vertices u, v ∈ B, N [u] ∩N [v] = ∅
(N(u) ∩ N(v) = ∅). The packing number (open packing number) ρ(G)
(ρo(G)) is the maximum cardinality of a packing (an open packing) in G.
Also, the lower packing number, denoted ρL(G), is the minimum cardinality
of a maximal packing in G.
Clearly, B ⊆ V is a packing (an open packing) in G if and only if |N [v] ∩
B| ≤ 1 (|N(v) ∩B| ≤ 1), for all v ∈ V . Here, we prefer to work with these
definitions on these parameters rather than the previous ones.
Gallant et al. [5] introduced the concept of limited packing in graphs and
exhibited some real-world applications of it to network security, market
saturation and codes (Also, the authors in [7] presented some results as
an application of the concept of the limited packing). A subset B ⊆ V is
a k-limited packing in G if |N [u] ∩ B| ≤ k, for every vertex u ∈ V . The
k-limited packing number Lk(G) is the maximum cardinality of a k-limited
packing in G. Also, the lower k-limited packing number, denoted Lℓk(G), is
the minimum cardinality of a maximal k-limited packing in G. Obviously,
Lℓk(G) ≤ Lk(G). These two concepts generalize the concepts of packing
and lower packing, respectively.
We prove a sharp lower bound on lower k-limited packing number of a
general graph G and drive the lower bound n/2 for lower 2-limited packing
number of a cubic graph of order n that is stronger than its similar result
in [5]. Also, we show that L2(G)+L2(G¯) ≤ n+2 for each graph G of order
n.
Meir and Moon [8] proved that ρ(T ) = γ(T ), for every tree T . We prove an
upper bound on domination number of a graph and use this classic result
to show that (n − ℓ + 2s)/3 is an upper bound on domination number of
a tree of order n with ℓ leaves and s support vertices. Finally we improve
γt(T ) ≤ (n+ s)/2, that was first proved by Chellali and Haynes [3], as an
immediate result.
2 Results on the k-limited packing number
Gallant et al. [5] exhibited the lower bound L2(G) ≥ n/4, for a cubic graph
G of order n. In this section we establish a tight lower bound on lower k-
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limited packing number of a general graph, also we observe that it slightly
improves the lower bound in [5] as the special case k = 2. First, we need
the following useful lemma that is an immediate result of the definition of
a maximal k-limited packing.
Lemma 2.1. Let G be a graph and k be a positive integer. Then a k-limited
packing set in G is maximal if and only if every vertex in V \B belongs to
the closed neighborhood of a vertex u with |N [u] ∩B| = k.
We now construct a r-regular graph Gk,r = (V,E), for k ≤ r, of order
n. We make use of it to show that the lower bound in Theorem 2.2 is
sharp. Consider the partition V 1, V 2 and V 3 of V such that Gk,r [V 1] is a
(r− 1)-regular graph of which every vertex has one neighbor in V 2. Every
vertex in V 2 has r − k and k neighbors in V 1 and V 3, respectively. Also,
every vertex in V 3 has r neighbors in V 2.
We are now in a position to present the main theorem of this section.
Theorem 2.2. If G is graph of order n and k is a positive integer, then
Lℓk(G) ≥
kn
∆(∆− k + 1) + k
and this bound is sharp.
Proof. Since Lℓk(G) = n for k ≥ ∆ + 1, we may assume that k ≤ ∆. Let
B be a maximal k-limited packing set in G such that |B| = Lℓk(G). For all
i ≤ k ≤ ∆, we define
Bi = {u ∈ B||N [u] ∩B| = i} & B
′
i = {u ∈ V \B||N [u] ∩B| = i}.
Obviously, |B| =
∑k
i=1 |Bi| and |V \B| =
∑k
i=0 |B
′
i|.
By Lemma 2.1, every vertex in B′0 has at least one neighbor in B
′
k. On
the other hand, every vertex in B′k has at most ∆− k neighbors in B
′
0. It
follows that
|B′0| ≤ |[B
′
0, B
′
k]| ≤ (∆− k)|B
′
k|
and hence
|B′0| − (∆− k)|B
′
k| ≤ 0. (1)
Lemma 2.1 implies that every vertex in X = ∪k−1i=0 B
′
i has at least one
neighbor in Bk or B
′
k. On the other hand, every vertex in B
′
k and Bk has
at most ∆− k and ∆− k + 1 neighbors in X , respectively. This leads to
k−1∑
i=0
|B′i| ≤ |[X,B
′
k]|+ |[X,Bk]| ≤ (∆− k)|B
′
k|+ (∆− k + 1)|Bk|
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and therefore
k−1∑
i=0
|B′i| − (∆− k)|B
′
k| ≤ (∆− k + 1)|Bk|. (2)
Furthermore, by double counting we obtain
k∑
i=1
i|B′i| = |[B, V \B]| ≤
k∑
i=1
(∆− i+ 1)|Bi|. (3)
For convenience, we let p and q to be min{ k∆−k+1 , 1} and max{
k
∆−k+1 , 1}−
1, respectively. Then k− (p+ q)(∆− k) = p+ q and q+ i ≥ q+ 1 ≥ p+ q,
for i ≥ 1. Now we arrive at
(p+q)|V \B| ≤ (k−(p+q)(∆−k))|B′k |+(p+q)|B
′
0|+
k−1∑
i=1
(q+i)|B′i| = η. (4)
Adding p times (1), q times (2) and (3) gives
η ≤ q(∆− k + 1)|Bk| +
∑k
i=1(∆− i+ 1)|Bi| = (q + 1)(∆− k + 1)|Bk|
+
∑k−1
i=1 (∆− i+ 1)|Bi| = ξ.
(5)
Since (q+1)(∆− k+1) ≤ ∆, then ξ ≤ ∆|B|. Now, by inequalities (4) and
(5) we have
(p+ q)|V \B| ≤ r|B|
and so Lℓk(G) = |B| ≥
kn
∆(∆−k+1)+k .
Now we show that the bound is sharp for all k ≤ ∆. Consider the graph
Gk,r. Then |V 1| = |[V 1, V 2]| = (r− k)|V 2| and k|V 2| = |[V 2, V 3]| = r|V 3|.
It is easy to see that there exists a positive integer t such that |V 2| = tr/g
and |V 3| = tk/g, where g = gcd(k, r). Then |V 1| = (r−k)tr/g and therefore
n = (r2 − kr + r + k)t/g. According to Lemma 2.1, V 3 is a maximal k-
limited packing in G. This leads to Lℓk(G) ≤ |V 3| =
kn
r(r−k+1)+k . This
completes the proof.
When we restrict the problem to the case (k, r) = (2, 3) then
L2(G) ≥ L
ℓ
2(G) ≥ n/4.
We note that Balister et al. [2] proved the best-possible result that if G is
a cubic graph, then L2(G) ≥ n/3. This improves the lower bound given in
[5]. This shows that the lower bound n/4 for 2-limited packing number of
a cubic graph G is not sharp, while it is sharp for lower 2-limited packing
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number of G, by Theorem 2.2.
In the next theorem we give a Nordhaus-Gaddum inequality for 2-limited
packing number of a graph just in terms of the order without any additional
condition.
Theorem 2.3. Let G be a graph of order n. Then
L2(G) + L2(G¯) ≤ n+ 2
and this bound is sharp.
Proof. The result is obvious for n = 1 and if G = Kn, for n ≥ 2, then
L2(G) + L2(G¯) = n+ 2. Therefore, we may assume that ∆(G),∆(G¯) ≥ 1.
If ∆(G) = ∆(G¯) = 1 then n ≤ 3 that implies the inequality. Hence, without
loss of generality we assume that ∆(G) ≥ 2.
Now we proceed by induction on the order n. We suppose it is true for
n − 1 and prove it for n. Let B and B¯ be maximum 2-limited packings
in G and G¯, respectively. Let u be a vertex in G with deg(u) = ∆(G).
Then there exists a vertex v ∈ N [u] not belonging to B, for otherwise
|N [u] ∩ B| = ∆(G) + 1 ≥ 3, a contradiction. Applying the inductive
hypothesis to G− v, we obtain
L2(G− v) + L2(G¯− v) ≤ n+ 1. (6)
On the other hand, B is a 2-limited packing in G − v and hence |B| ≤
L2(G− v). Moreover, it follows by the definition that |B¯| − 1 ≤ L2(G¯− v).
By (6), we have
|B|+ |B¯| − 1 ≤ n+ 1.
This completes the proof.
3 The special case k = 1
In this section we consider the case k = 1 in a more specific way. As a
special case of Theorem 2.2 we have
Lℓ1(G) = ρL(G) ≥ n/(∆
2 + 1)
that was first presented by Henning in [6] (also, see [2] and [4]). Moreover,
Gagarin and Zverovich [4] presented the lower bound
ρ(G) = L1(G) ≥ (n+∆(∆− δ))/(∆
2 + 1)
for a graph G of order n. In the following we shall present a lower bound
on the packing number of a graph that is tighter for graphs with support
vertices. We need the following useful lemma.
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Lemma 3.1. Let G be a graph of order n with s support vertices. Let
ℓ1, ..., ℓs be the pendant vertices adjacent to the support vertices v1, ..., vs,
respectively. Then the following statements hold.
(i) There exists a maximum packing set B in G containing ℓ1, ..., ℓs.
(ii) There exists a maximum open packing set B in G containing ℓ1, ..., ℓs.
Proof. We only prove (i), as (ii) can be proved in a similar fashion. Let
B be a maximum packing in G. Suppose that the vertices l1 and v1 do
not belong to B. Since B is a maximum packing in G then the support
vertex v1 has a neighbor u1 in B, otherwise B ∪ {ℓ1} is a packing in G
that contradicts the maximality of B. Now B1 = (B \ {u1}) ∪ {ℓ1} is a
packing in G and |B| = |B1|. Now let (just) one of ℓ1 and v1 belongs to
B. Without loss of generality we can assume that ℓ1 ∈ B, otherwise we
replace v1 with ℓ1 in B and the new set would be a packing in G with the
same cardinality as B, as well. Repeating this precess for all pairs vi and
ℓi, for all i ≥ 1, we can construct a maximum packing set B containing the
pendant vertices ℓ1, ..., ℓs.
Now we give the lower bound in terms of order, maximum degree and
the number of support vertices. In fact, the bound is sharp for some graphs
with no support vertices. For example, the lower bound is achieved by the
Petersen graph which has 10 vertices and diameter 2. Also, by taking
graphs consisting of many vertex-disjoint copies of the Petersen graph, this
shows that for every n divisible by 10, there is a graph on n vertices with
ρ(G) = n/10 = n/(∆2+1). But the lower bound works better if we consider
all graphs with support vertices, especially trees.
Theorem 3.2. Let G be a graph of order n with s support vertices and
maximum degree ∆. Then
ρ(G) ≥
n+ s(∆2 −∆)
1 +∆2
and this bound is sharp.
Proof. Let {v1, ..., vs} be the set of support vertices and {ℓ1, ..., ℓs} be a
subset of pendant vertices such that livi ∈ E(G), for all 1 ≤ i ≤ s. Let B
be a maximum packing in G with ρ(G) = |B| containing ℓ1, ..., ℓs, by Part
(i) of Lemma 3.1.
Let A0 = {v ∈ V \B|N(v)∩B = ∅} and A1 = (V \B)\A0. Also, a0 = |A0|
and a1 = |A1|. Since B is a packing in G, then V \B is a disjoint union of
the sets A0 and A1. Now we get
n = |B|+ |V \B| = |B|+ a0 + a1. (7)
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On the other hand, if [B, V \B] is the set of edges having one end point in
B and the other in V \B, then
|[B, V \B]| = a1 ≤ ∆(|B| − s) + s. (8)
Case 1. Let A0 = ∅. By inequalities (7) and (8), we have
n = |B|+ a1 ≤ |B|+∆(|B| − s) + s.
Therefore,
ρL(G) = |B| ≥
n+ s(∆− 1)
1 + ∆
≥
n+ s(∆2 −∆)
1 +∆2
as desired.
Case 2. Let A0 6= ∅. Let v ∈ A0. There exists a vertex u in A1 such
that u ∈ N(v), otherwise B ∪ {v} is a packing in G that contradicts the
maximality of B. This shows that the set Q = {v ∈ N(A0)||N(v)∩B| = 1}
is nonempty and A0 ⊆ N(Q). Every vertex inQ has at most ∆−1 neighbors
in A0 and therefore Q has at most (∆ − 1)|Q| neighbors in A0. Now we
deduce that
a0 = |A0| = |N(Q) ∩ A0| ≤ (∆− 1)|Q| ≤ (∆− 1)a1.
By (7) and (8), we have
n ≤ |B|+ (∆− 1)a1 + a1 = |B|+∆a1 ≤ |B|+∆(∆(|B| − s) + s).
Therefore ρL(G) = |B| ≥ (n+ s(∆2 −∆))/(1 + ∆2), as desired.
To show that the lower bound is sharp, we consider the star K1,n−1 for
n ≥ 2. This completes the proof.
4 Upper bounds
We can use the packing B described in Part (i) of Lemma 3.1 to obtain a
tight upper bound on domination number of a graph as follows:
Theorem 4.1. For any graph G of order n ≥ 3, with ℓ pendant vertices
and s support vertices,
ρ(G) ≤
n− ℓ+ δ′s
1 + δ′
where δ′ is the minimum degree taken over all vertices that are not pendant
vertices.
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Proof. Let B be a maximum packing in G. According to the first part of
Lemma 3.1, we may assume that {ℓ1, ..., ℓs} ⊆ B. Since B is a packing in
G, then all support vertices belong to V \B and pendant vertices different
from ℓ1, ..., ℓs are in V \ B, as well. Clearly, all pendant vertices in V \ B
have no neighbors in B. Therefore
|[B, V \B]| ≤ n− |B| − (ℓ− s). (9)
Since B is an independent set then every vertex in B \ {ℓ1, ..., ℓs} has at
least δ′ neighbors in V \B. Hence
|[B, V \B]| ≥ δ′(|B| − s) + s. (10)
Together inequalities (9) and (10) imply the desired upper bound.
Now, we bound the domination number of a tree from above by con-
sidering the number of its leaves and support vertices. We will need the
following useful lemma due to Meir and Moon [8].
Lemma 4.2. [8] If T is any tree, then γ(T ) = ρ(T ).
Theorem 4.3. Let T be a tree of order n, with ℓ leaves and s support
vertices. Then
γ(T ) ≤
n− ℓ+ 2s
3
and this bound is sharp.
Proof. The result is obvious for n = 1, 2. So, let n ≥ 3. Since δ′ ≥
max{2, δ} = 2, then ρ(T ) ≤ n−ℓ+δ
′s
1+δ′ ≤
n−ℓ+2s
3 . Now Lemma 4.2 implies
γ(T ) = ρ(T ) ≤
n− ℓ+ 2s
3
.
To show that the lower bound is sharp, we consider all trees T in which all
vertices are leaves or support vertices. In this case, it is easy to see that
γ(T ) = ρ(T ) = s = (n− ℓ+ 2s)/3.
Using the open packing B given in Part (ii) of Lemma 3.1 we can bound
the open packing number of a graph from above as follows:
Theorem 4.4. For any graph G of order n ≥ 3 with s support vertices
ρo(G) ≤
n+ (δ′ − 1)s
δ′
.
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Proof. Let B be maximum open packing in G. According to the second
part of Lemma 3.1, we may assume that {ℓ1, ..., ℓs} ⊆ B. After perhaps
relabelling the index 1 ≤ i ≤ s, let {ℓ1, ..., ℓs1} be the set of all pendant
vertices in B with neighbors in V \B. This shows that s2 = s−s1 pendant
vertices in B have their support vertices in B. Since B is an open packing
in G, then
s1 + (δ
′ − 1)(|B| − s1 − s2) ≤ |[B, V \B]|.
On the other hand every vertex in V \ B has at most one neighbor in B.
Hence
|[B, V \B]| ≤ n− |B|.
These two inequalities imply the desired upper bound.
Rall [9] established an open packing and total domination equality for
trees analogous to the well-known result of Meir and Moon as follows:
Lemma 4.5. [9] For every tree T of order at least two, γt(T ) = ρ
o(T ).
Since δ′ ≥ 2 for n ≥ 3, then ρo(T ) ≤ n+(δ
′
−1)s
δ′
≤ n+s2 . Now, as an
immediate result of Theorem 4.4 and Lemma 4.5 we have improved the
following result, that was proved by Chellali and Haynes by induction on
the order n.
Theorem 4.6. [3] If T is a tree of order n ≥ 3 with s support vertices,
then γt(T ) ≤
n+s
2 and this bound is sharp.
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